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Polynomials

* Polynomials are mathematical expressions
that are frequently used for problem solving
and modeling in science and engineering.

* Polynomials are functions that have the form:

fix) =ax"+a, (x"~-'+ ... +ax+a

* The coefficients «a» are real numbers and n is
a nonnegative integer, is the degree, or order,
of the polynomial.



Polynomials (cont’d)

Polvnomial

By + 3
2x2 _4x + 10
hx? — 150, MATLAB form: 6x2+ 0x— 150

Sx7 +6x2—T7x., MATLAB form:
Sx° +0x*+0x3 +6x2-Tx+0

MATLAB representation

p=1[8 5]
d=[2 -4 10]
h=[6 0 —150]
c=[5006 -7 0]



Value of Polinomial

The value of a polynomial at a point x can be calculated with the function poly-
val that has the form:

[polyval(p,x)

x 1S a number, or a variable that

p is a vector with the coef- has an assigned value, or a com-
ficients of the polynomial. putable expression.

x can also be a vector or a matrix. In such a case the polynomial is calculated for
each element (element-by-element), and the answer is a vector, or a matrix, with
the corresponding values of the polynomial.



Roots of Poliynomial

Roots of a polynomial are the values of the argument for which the value of the
polynomial 1s equal to zero. For example, the roots of the polynomial

flx) = x> —2x -3 are the values of x for which x*—-2x-3 = 0, which are x = —1.
and x = 3.

MATLAB has a function, called root =, that determines the root. or roots.
of a polynomial. The form of the function is:

[ r = rmmta{p}]

r 18 a column vector with p 1s a row vector with the coet-
the roots of the polynomial. ficients of the polynomial.



Roots (cont’d)

For example, to find the roots of f{x) = 4x?+ 10x -8 type:

>> roots([4 10 -B8])

ans =
=-3.1375
0.6375

When the roots of a polynomial are known, the po1y command can be used
for determining the coefficients of the polynomial. The form of the poly com-
mand 1s:

p = poly(r)

p 1s a row vector with the r 18 a vector (row or column)
coefficients of the polynomial. with the roots of the polynomial.



Polynomial Arithmetics

Two polynomials can be added (or subtracted) by adding the vectors of the coeffi-
cients. If the polynomials are not of the same order (which means that the vectors
of the coefficients are not of the same length), the shorter vector has to be modi-
fied to be of the same length as the longer vector by adding zeros (called padding)
in front.

fi(x) = 3x%+ 15x° - 10x* - 3x? + 15x - 40 and f5(x) = 3x°-2x—-6

>> pl=[3 15 0 -10 -3 15 -40];

>> p2=[3 0 -2 -6]; Three 0’s are added in front
of p2, since the order of p1
1s 6 and the order of p2 15 3.

>> p=pl+[0 0 0 p2] -
P —

3 15 0 = =3 13 -46



Polynomial Arithmetics (cont’d)

Two polynomials can be multiplied with the MATLAB built-in function conv
which has the form:

| c = convia,b) |
c 18 a vector of the cnefﬁcientsT T = and b are the vectors of the
of the polynomial that 1s the coefficients of the polynomials

product of the multiplication. that are being multiplied.

* The two polynomials do not have to be of the same order.

« Multiplication of three or more polynomials i1s done by using the conv func-
tion repeatedly.

>> pm=conv (pl,p2)
U
9 45 -6 -78 -59 65 -54 -12 -10 240

which means that the answer 1s:
Ox? +45x% —6x7 — T8x% —90x° + 65x% —54x° — 12x2 - 10x + 240



Polynomial Arithmetics (cont’d)

A polynomial can be divided by another polynomial with the MATLAB built-in
function deconwv which has the form:

[g,r] = deconv(u,v)
g 15 a vector with the coefficients u 15 a vector with the coefficients of
of the quotient polynomial. the numerator polynomial.
r 18 a vector with the coefficients v 15 a vector with the coefficients of
of the remainder polynomial. the denominator polynomial.

For example, dividing 2x* + 9x2 + 7Tx —6 by x + 3 1s done by:

>>» u=[2 9 7 -6];
>> v=[1 3]:

>> [a b]=deconv(u,v)

2 3 _2 [The answer 1s: 2x? + 3x— 3.|

0 0 0 0 [ Remainder 1s zem.}




Polynomial Derivatives

kK=polyder (p)

k =polyder (a, b)

[n d] = polyder (u, v)

Derivative of a single polynomial. p 1s a vector with
the coefticients of the polynomial. k 1s a vector with
the coetficients of the polynomial that 1s the derivative.

Derivative of a product of two polynomials. 2 and b
are vectors with the coetficients of the polynomials that
are multiplied. k 1s a vector with the coetticients of the
polynomial that 1s the derivative of the product.

Derivative of a quotient of two polynomials. u and v
are vectors with the coefficients of the numerator and
denominator polynomials. n and d are vectors with the
coefficients of the numerator and denominator polyno-
mials in the quotient that 1s the derivative.



Polynomial Derivatives (cont’d)

For example, if fj(x) = 3x°-2x+4,and f,(x) = x*+ 5, the derivatives of

3xt-2x+4, (3x2-2x+4)(x*+5),and 3x2-2x+4

can be determined by:

+

xX-+5

>> fl= 3 -2 4];
>> £2=[1 0 5];

>> k=polyder (fl)

| Creating the vectors coefficients of /) and /5.

k = [The derivative of f] 1s: 6x—2. 1
6 -2
>> d=polyder (fl,£f2)
d = [The derivative of f;*f; 1s: 12x% —6x2 + 38x - 10. }
12 -6 38 -10

>> [n d]=polyder (fl, £f2)

o The derivative of 3x2—2x+4 g 2x2+22x— 10
2 22 -10 S I8 o

1 0 10 0 25



Curve-fitting

Curve fitting, also called regression analysis, is a process of fitting a
function to a set of data points. The function can then be used as a
mathematical model of the data. Since there are many types of functions
(linear, polynomial, power, exponential, etc.) curve fitting can be a
complicated process. Many times there is some idea of the type of
function that might fit the given data and the need is only to determine
the coefficients of the function.

In other situations, where nothing is known about the data, it is possible
to make different types of plots which provide information about possible
forms of functions that might give a good fit to the data.

'
v=a, x"l+a x"- 2+ +ax+a,

n— |
y = bxm (power function)

y = bems or y = bh10™ (exponential function)
v = mln(x)+ b or y = mlog(x)+b (logarithmic function)

| . . .
y = (reciprocal function)
' mx + b P




polyfit

Curve fitting with polynomials 1s done in MATLAB with the polyfit
function, which uses the least squares method. The basic form of the polyfit
function 1s:

p = pﬂlyfit{x,y,n}‘

% 1s a vector with the horizontal coordinate
of the data points (independent variable).

v 18 a vector with the vertical coordinate of
the data points (dependent variable).

n 1s the degree of the polynomial.

p 18 the vector of the coeffi-
cients of the polynomial
that fits the data.

— 7
v=a, x"l+a x"-?+. . +ax+a,

"



polyfit for other function types

Function polyfit function form
power y = bxm p=polyfit (log(x),log(y),1)
exponential y = bem™ or p=polyfit (x,log(y),1l) or

y = h10™ p=polyfit(x,loglO(y),1)
logarithmic  y = mIn(x)+b or p=polyfit (log(x),y,1) or

v = mlog(x)+b p=polyfit (logl0(x), v, 1)
reciprocal vy = 1 p=polyfit(x,1./y,1)

' mx+ b

After plotting the sample values, you can decide the suitable form
of the polyfit function.



Interpolation

* |Interpolation is estimation of values between
data points.

* |[n onedimensional interpolation each point
has one independent variable (x) and one
dependent variable (y).

* |n two-dimensional interpolation each point
has two independent variables (x and y) and
one dependent variable (z).



1D Interpolation

One-dimensional interpolation in MATLAB i1s done with the interpl
(last character 1s the number one) function, which has the form:

/Fi = interpl (x,v,xi, "methed"’) ‘
vi 1s the / \

interpolated x 1s a vector with the horizontal coordinate of  Method of
value. the input data points (independent variable). interpola-
v 1s a vector with the vertical coordinate of  tion, typed as
the input data points (dependent variable). a string
x1i 1s the horizontal coordinate of the interpo-  (optional).

lation point (independent variable).



1D Interpolation (cont’d)

The vector x must be monotonic (the elements in ascending or descending
order).

xi can be a scalar (interpolation of one point) or a vector (interpolation of
many points). Respectively, yvi 1s a scalar or a vector with the corresponding

interpolated values.

MATLAB can do the interpolation using one of several methods that can be
specified. These methods include:

‘nearest’ returns the value of the data point that i1s nearest to the
interpolated point.

‘linear’ uses linear spline interpolation.
‘spline’ uses cubic spline interpolation.
‘pchip’ uses piecewise cubic Hermite interpolation, also called

‘cubic’



Basic fitting interface

e To activate the basic fitting interface, the user first has
to make a plot of the data points. Then, the interface is
activated by selecting Basic Fitting in the Tools menu.
This opens the Basic Fitting Window.
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Basic fitting interface (cont’d)

/: Basic Fitting - 1

Select data: | data )
I_f Certer and scale X data

Plat fits Numerzical resulis
Cheack to display fits on figuwre
. spline nterpotant ' Fit | 4th degree polynomisd W
] shape-preserving rterpoiart Coefficients and norm of residusis | PR Y =10X)

l- insar ‘y = pl*x~4 + p2*x~3 + Enter valua(s) or a vaiid MATLAB

i[:] tuaciratic p3tx2 + patx~l + expression such s X, 1:2100r ’
. cubic DS [1015)

D 4th degree polyromial :
T
[[] 5tn degree polyromial | i | Evaluate

D O Baorea pobmdniad Coefficients: —i- fb—o
[] 7th degree polyrnomial PL = 00400 15 0877 |
,[:] 8th degree polyromial peé = -0.97734
[] 8tn degree polyromial p3 = 4,672

[: 10th degree pofynomial pd = -6.3253
5 1.1599
[v] Show equations P
Sighificant cigts: ' 2

|

4.5389 , S

Save to wotkspace.

(V] Plot residusts

| Bar plot v
E_Subplcrt "
[v] Show norm of residuals

|
|
rom of residuals
i

Save to workspacs ..

| Help Close




Laboratory Session

Do both examples and sample applications in
Chapter 8 of the textbook.



Homework #10

Not later than the next week:

Solve problems 2, 10, 15, and 18 from the Chapter 8
of the textbook using Matlab.



